Abstract-Multipactor effect is studied in a hollow elliptical waveguide carrying two orthogonal polarization modes, i.e., the fundamental (TE c11 ) and the second (TE s11 ) elliptical waveguide modes. The introduction of a modal equivalent voltage allows defining the standard axial ratio, which characterizes each polarization state of the problem. The RF breakdown threshold is determined as a function of the axial ratio, for various amplitudes, and phases of the two elliptical modes. In particular, the effect of second mode on the RF breakdown threshold of the fundamental mode is studied. The simulations are carried out for different values of the ellipse eccentricity.
INTRODUCTION
Varieties of microwave systems operating under high power RF signals [1] [2] [3] in vacuum are at the risk of multipactor breakdown when a high power electromagnetic wave is applied to a microwave device. Secondary electrons emit from the surface, accelerate and resonate under the applied electromagnetic wave. The multipactor phenomenon has destructive effects on the system performance such as system response degradation, noise level increasing, and waveguide wall heating [4] [5] [6] [7] . The study and analysis of multipactor phenomenon has been of interest during the last years. This includes the theory and simulation of multipactor in various types of microwave devices such as high-power microwave components, operating under high-vacuum conditions for satellite communication [8] [9] [10] [11] [12] , and particle accelerators systems [13, 14] .
In particular, it is very important to predict the multipactor RF breakdown threshold of a specific waveguide structure. Thus, a number of microwave structures have been studied during last years in the technical literature. In these studies, the effective electron method has been used to obtain the RF breakdown threshold for several components including rectangular waveguides [15] , coaxial transmission lines [16, 17] , circular waveguides [18, 19] , microstrip lines [20] , wedge-shaped rectangular guides [21, 22] , elliptical waveguides [23, 24] , and dielectric resonator waveguide filters [25] . The details of this technique have been extensively reported in [14] and [22] , which basically includes the simultaneous tracking of the finite number of effective electrons trajectories. The next steps in multipactor simulation procedure are electron trajectory computation, and analysis of the secondary electrons generation. The final step is to compute the RF multipactor voltage/power breakdown threshold of a given waveguide structure.
This article focuses on the analysis of multipactor effect in hollow elliptical waveguides. Elliptical guides have been employed for the design of microwave passive components, as narrow-band dualmode filters [26, 27] and polarizers implemented in circular waveguides [28] . In the research area of accelerator physics, elliptical guides have also been used for the simulation of the LHC (CERN) beam pipe, as reported in [13, 14] .
In our previous work [23] , we studied the multipactor effect generated by the fundamental TE c11 mode occurring within a hollow elliptical pipe. In this paper, we extend the previous theory including both the fundamental and the second (TE s11 ) elliptical waveguide modes; so, the electron trajectories are then governed by the superposition of the electromagnetic fields of both modes. Moreover, a detailed study of the multipactor onset in terms of the axial ratio and the phase difference between the two modes is presented. For such an analysis, we fix a certain level of power which is proportionally split between the first and second elliptical waveguide modes, observing different multipactor behaviors.
The paper is organized in two sections. In Section 2, we describe the multipactor simulation procedure and electromagnetic fields description; an equivalent voltage is properly defined for each elliptical mode, which allows us to describe each polarization state in terms of a complex axial ratio. Next, in Section 3, we present the numerical results obtained by the simulation.
MODEL DESCRIPTION

Multipactor Algorithm:
Modeling of a multipactor discharge taking place within an elliptical waveguide requires considering the time evolution of a set of electrons moving under a known electromagnetic fields. The procedure used in this work is based on the concept of the effective electron in context of a Monte-Carlo algorithm, which has been successfully used in technical literature for dealing with this kind of problems, as reported in [17, 20, 21, 23] .
The simulations begin with effective electrons launch, initially placed near the center of the elliptical guide. The electron preliminary velocities are assigned according to Maxwell-Boltzmann kinetic energy distribution. Trajectory of each effective electron is determined by solving equation of motion numerically by means of Velocity-Verlet algorithm [29, 30] . This method ensures accuracy and reasonable numerical efficiency. In this article, 350 time steps per RF period are considered in order to obtain convergent electron trajectories.
The secondary yield electron emission (SEY) model formulated in [31] is employed in the MonteCarlo procedure. At each integration step, we check if the electron strikes the elliptical boundary. If an impact occurs, the SEY functions are computed after considering the initial kinetic energy as well as the incidence angle. The impact location of the electron, the electron velocity, and the SEY value are registered. Then, the effective electron is re-emitted from the impact place with a velocity given by a Gaussian distribution of velocities with a mean value of 4 eV and standard deviation of 2 eV [24] . The launching angle of such an electron is obtained by means of the cosine law distribution [24] . At each period, the multiplicity function for each effective electron formulated by Somersalo [32] is computed. Criteria for multipactor discharge are considered between 40 and 100 consecutive impacts to ensure convergence.
RF Electromagnetic Fields:
Let us consider an elliptical waveguide defined by the semi-major-length a and semi-minor length b, which are related through the eccentricity by means of e = q/a; q being the semi-focal distance given by q 2 = a 2 − b 2 . The case of a circular boundary is described by e = 0, whereas the ellipse degenerates into a straight line when e = 1. Thus, electron dynamics is referred to a Cartesian reference system placed in the center of the ellipse; the semi-major axis is parallel to the x-axis, and the semi-minor axis is parallel to the y-axis. In this scenario, the effective two-dimensional motions of the electrons are tracked by using a non-relativistic motion equation, which is derived by means of the well-known Lorentz force, resulting inẍ
where μ 0 is the free-space magnetic permeability; x = x(t) and y = y(t) are the Cartesian coordinates of each effective electron; t is time; β and m are the electron charge and mass at rest, respectively; E x , E y and H z are the corresponding electric and magnetic field components involved in the problem; the dot symbol denotes time derivative. Obviously, the Cartesian coordinates of the electrons are restricted to the following relationship: (x/a) 2 + (y/b) 2 ≤ 1. Here, we consider the excitation of the first two elliptical waveguide modes. For moderate values of the eccentricity, e <0.85, these modes are TE c11 and TE s11 , which will be denoted as the first and second modes afterwards. Note that the indices c and s denote even and odd solutions, respectively. Also, the total axial magnetic field presented in Eq. (1) is given by the superposition of the magnetic fields provided by each mode H z = H z1 + H z2 . The expressions of these field components can be found, for instance, in [33] by Marcuvitz:
It is well known that the electric fields of the TE c11 and TE s11 elliptical modes are mutually orthogonal. As a consequence, both modes can be considered as vertical-like and horizontal-like polarization states, respectively (see Figs. 2-12 , p. 84 of [34] ). Therefore, the tip of the electric field vector maps a polarization ellipse at each point of the z = 0 plane. At this point, it should be emphasized that these sets of ellipses are produced by two orthogonal modes oscillating at the same frequency f , but we want to remark that these sets of ellipses are not related with the elliptical shape of the waveguide.
In order to normalize the expressions of the considered electric fields in the context of the standard parallel-plate multipactor theory [4] two equivalent voltages are defined by integrating the electric field along both vertical and horizontal main axes of the elliptical guide [24] .
Both equivalent voltages are real and positive if the amplitudes A 1 and A 2 are real and positive. So, in order to describe the polarization state of the elliptical signal propagating along the guide, we define an equivalent axial ratio as follows,
j being the complex unit, which is obviously a complex number. The case of AR = 0 represents the existence of the single vertical polarization. Also, AR = ±j corresponds to the circular polarization. Analysis of the second elliptical waveguide mode effect on the multipactor breakdown voltage threshold is the main goal of this work. It is obvious that the inclusion of the second mode introduces additional electromagnetic energy in the system. In order to maintain a constant value of the total injected RF energy during the discharge, we calculate the modal time-average electric energy stored on an elliptical waveguide cross-section (CS ), which can be expressed as follows
in which, the asterisk (*) signifies the complex conjugate; ε 0 is the electric permittivity of free space; E i is the modal electric fields; k i are the parameters which depends on both the geometry and the frequency.
It should be emphasized that these constants are equal (k 1 = k 2 ) when the ellipse degenerates into a circle, e = 0 (in this case, the first and second modes are degenerated into the fundamental TE 11 circular mode). As a consequence, the total electric energy stored in the system is given by
which can be formulated in terms of the magnitude of the axial ratio,
Thus, for the single first mode excitation, the electric energy stored by the fundamental mode can be expressed as W 1 = k 1 |V 1 | 2 . Now, if this energy is made equal to the energy stored by the two modes, W 12 = W 1 , we find the expressions of the equivalent modal voltages as a function of the magnitude of the axial ratio and the equivalent voltage of the single first mode:
which will be used in the numerical simulations.
NUMERICAL RESULTS
For the simulations presented in this article, we suppose that the semi-minor axis of the involved elliptical guides is b = 1 mm and that the operation frequency is f = 1 GHz, which means that all the waveguide modes are evanescent. Accordingly, the proposed analysis concerns with use of the elliptical waveguides as an iris, as reported in [20, 21] . Silver is used in the computations of the secondary electrons, which is characterized by the following SEY (δ) parameters (extracted from [6] ): first crossover energy, W 1 = 30 eV; maximum value of SEY, δ max = 2.22; and incident electron energy for δ max , W max = 165 eV.
Multipactor Generated by the Second Elliptical Waveguide Mode
The multipactor discharge generated by the presence of the first elliptical waveguide mode, TE c11 , was detailed in [26] . Now, we have studied the discharge, excited by the second elliptical mode, TE s11 , which leads to similar results to those previously presented for the first mode. In Fig. 1 , we show electron trajectories for three different values of the eccentricity e = 0.2, 0.4, 0.8 by observing a typical first order double-surface stable multipactor regime.
In Fig. 2 , we compare the RF breakdown voltage threshold for both single waveguide modes using different geometries. As can be observed for e = 0.2 in Fig. 2(a) , the presented results are almost identical because the elliptical guide is quite similar to the circular one, where the first two modes are degenerated. However, when we increase the value of the eccentricity, the voltage threshold is lower for the first mode than the second mode, because the distance traveled by the electrons under the second mode excitation (2a) is larger than the covered length when the discharge is generated by the first mode (2b), which means an increase of the frequency × gap parameter.
Multipactor Generated by Combination of Two Elliptical Waveguide Modes
The main goal of this article is the study of the lowest multipactor harmonics existing in a hollow elliptical guide when the first and second elliptical modes are simultaneously applied. In Fig. 3 , we show the RF breakdown voltage threshold for a superposition of both modes as a function of the magnitude of the axial ratio; three different values of phase difference have been considered, and the eccentricity is fixed at e = 0.8. Three different values of the phase difference have been studied, observing an increase of the threshold for higher values of ψ. This phenomenon can be understood if we consider that the polarization ellipse created by both modes degenerates into a circle when ψ = π/2 and |AR| = 1. This enhances the dispersion motion of the electron in regard with the linear polarization (ψ = 0), shown in 
CONCLUSION
Multipactor analysis in hollow elliptical waveguide is presented in the presence of second mode of elliptical waveguide, TE s11 . Then, combination of two first modes, TE c11 and TE s11 , is performed to evaluate multipactor breakdown threshold and its behavior under the combination of electromagnetic fields of these two modes. The analysis results are considered for different phase difference values of the electromagnetic fields between the two modes (ψ) and various amplitude ratios (|AR|). Considering a fixed value of power propagation within the waveguide and increasing the amplitude ratio lead to breakdown threshold increment of the first mode equivalent voltage. Increasing the amplitude ratio means applying less voltage in the semi minor length direction and more voltage in the semi major length direction. So, the vector summation of voltages in those directions rotates toward the semi major length. consequently, the electrons should travel longer distance which means frequency-gap increment causing the increase of breakdown threshold. Moreover, increasing phase difference increases the breakdown threshold. The multipactor order has also been calculated, and the outputs show that multipactor order changes from N = 1 to N = 3 when ψ changes from zero to π/2, while in between we have seen generation of multipactor hybrid mode.
